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Infinityin Philosophy
The concept of infinity has always demanded the attention of philosophical and
mathematical thinkers. Throughout the course of history, philosophers have differed on the
infinity of space, God, and time. More recently, mathematicians have debated about the proper
use of infinity. We will now examine the ideas that infmity encompasses, and the views which
prominent men have held.

The Potential Versus the Actual

"Infinity"comes from the Latin word infinitas, which is a combination of in, meaning
not, and finis, meaning end, boundary, limit, or termination. The Greek word ape iron for the
unbounded is often used in reference to the infinite. Infinity has been classified into two types:
the actual and the potential. Thinkers such as Aristotle and Kant believed in potential infinities,
which would include concepts in quantity and space, but would disclude an actual number.
Aristotle imagined that space and time were infinite in extent and were infinitely divisible, but
he did not believe there could be an infinity of numbers or a body of infinite dimension. He
concluded that the infinite must exist, but only potentially. He also stated that, even though
mathematicians discuss infinite magnitudes, they are not really necessary. Geometers have no
need for infinite lines since lines never need to be constructed in full; only the necessary piece
for a construction must be drawn. He taught that quantity, motion, and time are all (potentially)
infinite. However, he said that the latter two were infinite only because of their relationship with
the former: motion will be infinite if an infinite magnitude is covered, while time can be infinite
as a measure of infinite motion. Aristotle's advocacy of the potential set the tone for the way
future generations would view infinity.
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Cantor was the first one to fully grasp the idea of an actual infinity. Some
mathematicians claim that there exists an "absolute infinity," denoted

They say this is the

largest conceivable infinity, and hence we can not visualize it, else we could imagine a slightly
larger infinity. In that we can never really understand

the concept is similar to St. Gregory's

description of God: "No matter how far our mind may have progressed in the contemplation of
God, it does not attain to what He is, but to what is beneath Him" (Guillen 47, 48).

Infinity of God

The great thinkers who lived during the time of Aristotle took the position that the
infinite was imperfect, while perfection lie in the finite, because, if you consider a line segment
having a beginning point and an end point, then it is finite and can be measured with confidence.
However, one could imagine this same line segment, but without a particular endpoint. Then it
would go on forever in at least one direction. Similarly, looking at the endpoint, one could
always imagine a larger number beyond this endpoint, and hence this segment could become
larger and larger, to infinity. Thus, the finite is considered to be that which is intelligible, actual,
and perfect, while that which is infinite is viewed to be unintelligible, potential, and imperfect,
mainly because the infinite can not be measured or described. The New Catholic Encyclopedia
quotes Aristotle, explaining that what is infinite "turns out to be the contrary of what it is said to
be. It is not what has nothing outside it that is infinite, but what always has something outside
it." According to this view, that which is infinite must always have something outside and
beyond; there is always something absent or lacking from it. Again, Aristotle says that infinity is
the very "privation of wholeness and perfection, the subject of which is the sensible continuum"

(New Catholic Encyclopedia). Because Aristotle equates infinity with imperfection in quantity,
he cannot apply the notion to God, only to His power.
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Plotinus agreed that God's power must be infinite, yet he disagreed on the perfection of
such an infinity. He felt that if something is without form and being, then it is without their
determination and thus, is indeterminate or infinite. He followed the traditional belief that
matter is evil because it tends intrinsically to IRUPOHVVQHVVthat is, infinity, which he then
interpreted as nonbeing. Now God rises above the being and fomi and transcends all formal
determination. Hence, this line of argument could imply that He is infinite, perfect, and actual.
However, Plotinus did not actually claim that God was infinite, most likely because of the
previous differing thoughts. However, he did call the Mind infinite because of its endless power,
its complete unity, and its self-sufficiency.
The Jewish theologian and philosopher Philo believed God was infinite in three ways: as
incomprehensible, since we can know that He exists but not what He LVas omnipotent, since
God freely created the world out of QRWKLQJand as ali-good, since He is freely and lovingly
provident (New Catholic Encyclopedia).
The Latin and Greek Fathers of the Church speak of God as infinite in the sense that He
is all-powerful, eternal, immense, incomprehensible, and, when also under the influence of
Neoplatonism, nonbeing. St. Augustine asked, "What is in your mind and heart when you think
of a certain substance which is living, perpetual, omnipotent, infinite, everywhere present,
everywhere complete, nowhere enclosed? When you think of 7KDWyou have a conception of
God in your heart" (New Catholic EncyClopedia). Likewise, St. John Damascene gives the
traditional Church view: "[God] is not to be found among beings--not that He is not but, rather,
because He is above all beings and even above being itself. For if knowledge has beings as its
objects, then what transcends knowledge also transcends essence and, conversely, what is
beyond essence also is beyond knowledge. Therefore, the Divinity is both infinite and
incomprehensible, and this alone is comprehensible about Him--His very infinity and
incomprehensibility" (New Catholic Encyclopedia).
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Thomas Aquinas predicated infinity of God Himself, as follows: He taught that matter
and all types of potencies are not mere "negations, privations, or mental constructs, but are
genuinely real and actually existing components within existents, and cause their own sort of
determination." Accordingly, "a subsistent form or act is without the limiting determination of
matter or of potency and, thus, is infinite and infinitely perfect" (New Catholic Encyclopedia).
Now God is such an existent. Since He contains no matter or potentiality of any kind, He is not
bound by their limitations, and hence, infmity is a perfection of His very being. His conception
can be summarized by the metaphor found in the twelfth century Book ofthe XXIV Philosophers:
"God is an infinite sphere whose center is everywhere and circumference nowhere." Aquinas
believed that God is unlike other matter in that He is not limited. God is an infmite being
because He is completely subsistent and is not determined by potency.

Infinity of Time

There are two basic thoughts on time: either the world began at a specific point in time,
or it never had a beginning. Aristotle thought the second proposition could be proved; Augustine
believed the first could be proved; Aquinas thought that neither could be proved; and Kant tried
to prove both (Kenny 183, 184).
Like most of the other ancient thinkers who believed in cosmic cycles, Aristotle believed
that the world had always existed and time was a circle. He thought that basic human events
would follow cyclic patterns. He did not, however, believe that history would repeat itself
exactly in each cycle. Thus, Aristotle concluded that there was no infinity of past events (Morris
21, 22). The Stoics thought along similar lines. They believed that time was circular and finite,
but they also thought that the same events were bound to repeat themselves endlessly.
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There was no place for such cosmic cycles in ancient Judaism. Those who believed in
God also believed that the world was created at a particular point in time. They held that events
happened only once. For instance, God sent a rainbow as a promise that never again would a
flood cover the entire earth. Also, in the New Testament, Paul says that Jesus suffered once for
man's sins. Accordingly, the Judeo-Christians believed that time was linear and events did not
recur (Morris 26, 27).
Holding similar views, St. Augustine declared that "such as say that things infinite are
past God's knowledge may just as well leap headlong into this pit of impiety, and say that God
knows not all numbers .... What madman would say so? ... What are we mean wretches that dare
presume to limit His knowledge?" (Rucker 3, 4). To those who questioned what God did before
He made heaven and earth, since the earth had a beginning, St. Augustine replied that time was
nonexistent before the creation. God's eternity was not a kind of time; rather, God remained
eternally outside of time. Therefore the question posed was meaningless because there was no
"before" (Morris 28, 29).
As stated earlier, Kant tried to prove the opposing time propositions that Aristotle and St.
Augustine had admonished. He noticed a flaw in Aristotle's logic, which gave no reason why
time could not end with the present, while reaching forever backward (Kenny 184). He argued
that it was absurd to suppose that time was infinite: "If an infinite quantity of time had elapsed
before the present, then an infinite number of events must have taken place, which was
impossible." To show that time could not be finite, he pointed out that if time had a beginning,
then one can ask what had occurred before that point. Yet if time has an end, one could question
what happens afterward (Morrisl9). To show that the world has no beginning, he assumed there
must have been a time when the world did not exist. Every moment of this nonexistent time is
identical; hence the question, "Why did the world begin when it did?" has no answer. Now Kant
did not mean to imply that both contradictories are true; he merely intended to show that reason
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has absolutely no right to talk about ''the world" as a whole (Kenny 183, 184). He thus
concluded that since time could be neither finite nor infinite, it must be something innate within
the human mind (Morris 19).

Infinity of Space

Parmenides, Plato, and Aristotle all disliked the ape iron. They agreed that space is
bounded and finite, having the form of a sphere. Aristotle claimed that the universe is "whole,
all-inclusive, complete, and SHUIHFWand whatever is whole, complete, and perfect has an end,
which is its limit and termination" (New Catholic Encyclopedia). He thus concluded that our
universe is finite since actual infinities are contradictory and impossible. When Aristotle was
asked what is outside of our sphere, he responded that "what is limited, is not limited in
reference to something that surrounds it" (Rucker 16). The weak point in the case of space
being a finite sphere is that this space must have a boundary. However, it is possible to construct
a three-dimensional space which is finite and which has no boundary points: the hypersurface of
a hypersphere is just such a finite space having no boundary points (Rucker 16).
A follower ofParmenides, Zeno ofElea pondered infinity to the effect that he created
some disturbing paradoxes, including the paradox of Achilles and the tortoise. The story
portrays Achilles racing against the tortoise, where the turtle is allowed to start at a distance
ahead of Achilles. Zeno asks how it is possible for Achilles to ever catch up with the tortoise,
since he will first have to run half the distance from his starting point to the tortoise's starting
point, and then he will have to run half of this new distance, and so on, ad infinitum. Morris
claims that "Zeno did not say that Achilles could not catch the tortoise in a finite time .. ..What
Zeno was really saying was it was impossible for Achilles to perform an infinite number of acts"
)

(11 ). Davis and Hersh go on to say that the Achilles paradox is "an instance of irrelevant
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parameterization: Of course the tortoise is always ahead at the infinite sequence of time
constants t 1,

t3 ... where Achilles has just managed to catch up to where the.tortoise was at the

last time instant. So what? Why limit our discussion to the convergent sequence of times t 1,
t2, ... ? This is a case of the necessity of keeping one's eye on the doughnut and not on the hole"
(156). Upon hearing Zeno's paradoxes of Achilles and the Dichotomy (a similar paradox which
basically concluded that a moving object is at rest), Diogenes of Samos simply got up and
walked. He obviously misunderstood Zeno's point. What Zeno meant to reveal was the conflict
between the discrete and continuous, and the dangerous consequences of misusing the infinite
(Vilenkin, 7).
The Stoics did not fear the infinite as Aristotle had. They declared that space has no end
or boundaries, considering infmity to be something real. For instance, they believed that the
cosmos was an object inside an infinite sea of nothingness (Morris 23, 24). In De Rerum Natura,
Lucretius gave the first argument for infinity in space: If the whole of space were bounded, then
·if a person threw a dart at the boundary, the dart must then either go beyond the boundary, which
would imply no boundary of space after all, or the dart must stop because there is something
beyond the boundary which stops it. In either case, the "boundary" is not really the end of the
universe (Rucker 15,16). Also a poet, he described the universe:
It has no bounds, no end, no limit,
And it matters not what part of the universe you are in;
Wherever you are, from the spot you take up,
It stretches to infinity in all directions (Vilenkin 3).
The ideas of infinity in time are closely related to those of the infinity of space. Thomas
Aquinas accepted Aristotle's idea of quantitative infinity with reference to lines and numbers,
and even agreed that the world is finite in extent and is numerically one. Three hundred years
later, Giordano Bruno advocated the infinity of space. The Italian philosopher proclaimed,
"The universe is one, infinite, immovable.. .It cannot be grasped and is therefore incalculable and
limitless, and thus infinite and boundless, and therefore, immovable. It does not move in space,
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for there is nothing outside it where it could transfer, because it is all. It is not bom... for it is all
existence. It is not annihilated, for there is no other thing into which it could change. It can
neither decrease nor increase, for it is infinite" (Vilenkin 12). The nineteenth-century German
philosopher Nietzsche believed that the universe is finite, even though he believed that time is
linear and infinite, with events repeating themselves endlessly. But as we will see from
Einstein's work, Nietzsche's idea of infinite time in a finite universe is incompatible (Morris
30). Using infinity in an unfair way, eighteenth-century scientists found the photometric and
gravitational paradoxes: According to the first, if the universe contains a finite amount of
matter, then all of it would collect in one place, in a single lump. On the other hand, the
gravitational paradox states that if the total mass was infinite and evenly distributed, then there
would be a mutual equilibration of gravitational forces. These paradoxes did not vanish until the
appearance of Einstein's theory of relativity, which states that matter must be uniformly
distributed throughout the Metagalaxy (Vilenkin 16). The theory also implies that if our
)

universe is infinite in extent, then so is time; if the universe is finite, then time must be as well
(Morris 31 ). Einstein's theory of gravitation offers two possibilities for space in our universe: 1.
Our universe is a hyperspherical (closed and unbounded) space that expands and then contracts
back to a point, or 2. Our universe is an infinite space which expands forever (Rucker 19). Most
modem scientists assume the first hypothesis to be true.

Infinity in Mathematics

Ancients also dallied with infinity in the mathematical realm. Archimedes counted
grains of sand to prove that they are not infinite. In fact, in The Sand Reckoner, he calculated the

)

number of grains of sand on all the beaches in the world, and then concluded that the number of
grains of sand which could be contained in a sphere the size of our universe must be less than
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1052 (Guillen 52). Much later, Galileo broadened mankind's view by stating that a 3-inch line

segment contains the same number of points as a 6-inch segment: they both contain an infinite
number of points (Guillen 42). He stated that there are " ... difficulties that arise because, when
we use our limited powers of reasoning to discuss the infinite, we ascribe to it properties we
know from things finite and bounded. But this is wrong, for properties such as a greater and
lesser magnitude and equality are not applicable to the infinite, of which we cannot say that one
infinity is greater or smaller than another, or that it is equal to it.. ..in the final analysis, the
properties of equality, and of being a larger or a smaller magnitude, are applicable only to finite
quantities and not when dealing with the infinite" (Vilenkin 51, 52). Galileo saw a one-to-one
correspondence between infinite sets and realized that a part can equal the whole; however, he
incorrectly concluded that all infinities are the same. His discoveries resemble Georg Cantor's
fascinating work with infinite numbers in the nineteenth century. In his Summa, Thomas
Aquinas gives the only objections that have ever been given against the actual infinite:
The existence of an actually infinite multitude is impossible. 1) For any set ofthings one
considers must be a specific set. And sets of things are specified by the number of things
in them. Now no number is infinite, for number results from counting through a set in
units. So no set of things can actually be inherently unlimited, nor can it happen to be
unlimited. 2) Again, every set of things existing in the world has been created, and
anything created is subject to some definite purpose of its creator, for causes never act to
no purpose. All created things must be subject therefore to definite enumeration. Thus
even a number of things that happens to be unlimited cannot actually exist (Morris 49).
Cantor's theory of transfinite numbers is an appropriate rebuttal to Aquinas's objection.
Cantor unintentionally delved past infinity, further than anyone had ever imagined
possible. Mathematicians of his time were looking to replace Euclidean geometry with
arithmetic as the foundation for mathematics. Hence Cantor "was motivated by recent
discoveries that impeached the veracity of geometry as the foundation of mathematics" (Guillen
42). Cantor began his work with infinity by defining equivalent sets. One set is equivalent in
size to another set if the elements of one could be paired numerically with those of the other.
Marvelously, this definition does not require one to count, or even to know, how many elements
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two sets contain in order to determine if they are equivalent to each other or not. As Guillen
points out, "this is ultimately what made it feasible for Cantor to compare and discriminate
rationally between infinities, or, more precisely, between sets of infinitely large populations"
(43). In order to consider equivalent sets, Cantor had to realize, as Galileo did, that infinities do
not share the same properties that the finite numbers have. In fact, when dealing with infinity, a
whole could be equal to one of its parts. This paradox is "an inescapable, rational trait of the
infinite realm" (Guillen 45). By his definition of equivalence, Cantor could show that the
infinite set of even numbers (a part) is exactly equivalent to the infinite set of whole numbers
(the whole.) Cantor then created cardinal numbers to signify the number of elements in a set.
Since the set of whole numbers is infinite, he declared its cardinal number to be aleph null,
denoted
must have

A set of n elements has 2n possible subsets; likewise, the set of whole numbers
subsets. This is the first step beyond infinity: this is the first transfinite number,

which Cantor named

1.

Then the next transfinite numbers would be

and so on. Even

though he was working with all these strange new ideas, his first surprise came when he
discovered that the whole numbers are equivalent to the set of all fractions (or rational numbers),
and therefore they both have cardinality

Later, Cantor proved that the set of irrational

numbers is larger than the set of whole numbers, which led him to calling the

sets countably

infinite, and the irrational numbers a continuum, or noncountably infinite (Guillen 48). To
summarize the two cardinalities, the countable was derived from arithmetic (from the natural
numbers), while the continual was derived from continuity, from the notion of a continuum
(Vilenkin 121 ). Cantor defined the continuum to be a connected set which can be obtained from
a square by discarding a countable set of open disks (Vilenkin 99). Cantor also proved that there
is an identical infinity of points in each and every space, irrespective of its dimension. Since the
number of points on a line is related directly to the number of irrational numbers, the number of
points on a line is uncertain (Guillen 51). Therefore, he concluded that space is infinite.
"Cantor showed that the population of points is the same regardless of the size of a space....Had
medieval philosophers been aware of Cantor's work, therefore, they would have known that you
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can accommodate as many point-size angels on a flat-headed pin, a tiny two-dimensional disk, as
you can in all of heaven, a space of presumably infinite dimension and size" (Guillen 51, 52).
Since
there are

is the next largest infinity

defined by set theory, Cantor guessed that

irrational numbers, a guess which is now known as the continuum hypothesis.

However, the number of irrational numbers could possibly lie somewhere between these two
cardinal numbers. He was never able to prove or disprove his hypothesis that the set of
irrational numbers has cardinality

(Guillen 50). In 1940, Kurt Godel showed that the

continuum hypothesis could not be disproved on the basis of standard set theory, unless set
theory is itself inconsistent. Then in 1963, Paul Cohen showed that if standard set theory is
consistent, then the continuum hypothesis cannot be proved on that basis either.
Even though Cantor's concept of infinity and set theory are acknowledged with delight
by modem mathematicians, he did not receive this positive praise during his lifetime. He
published his argument for transfinite numbers in 1874, after which some dismissed his results
because they disagreed with the Platonic idea of treating infinity as a noun. Others thought
Cantor had not pursued his argument to its logical conclusion. For consistency, they wanted him
to treat the sequence of transfinite numbers as he had the sequence of whole numbers--as
implying the existence of an aleph infinite set. Using this set, he should define a new, larger
sequence of trans-transfinite sets. This logical argument could be repeated over and over again
to form continually larger sets. Even Cantor's former professor Leopold Kronecker accused his
ideas as being "mathematically insane" and prevented him from receiving a position at the
University of Berlin, as Kronecker did not want to allow the use of infinite numbers (Guillen
4 7). Kronecker's motto was : "God created the natural numbers and all the rest is the work of
man." He rejected the theory of infinite sets and the theory of real numbers, which was created
(differently) by Cantor,

:HLUVWUDVVDedekind and Meray

(Vilenkin 73, 74). It appeared that

Cantor's transfinite numbers served no useful purpose, and his success in concrete mathematics
seemed unimpressive. However, set theory was helpful in the modem theory of functions of a
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real variable (Vilenkin 74 ). Real number theory and set theory unveiled the vague concept of a
variable magnitude: One should consider a variable to be a letter for which one can substitute
numbers belonging to some number set X. This discovery allowed for a more precise definition
of a function (Vilenkin 77).
Cantor's work with the infinite and set theory resulted in some unpleasant shocks. First,
functions such asf{x) = x

for x

0, andf{x) = 0 for x = 0, were discovered to have

infinitely many minima and maxima. Next, mathematicians Bolzano and Weierstrass
constructed continuous functions having graphs which possess a tangent at no point. Then von
Koch.constructed a closed curve (resembling a snowflake) having infinite length! Cantor even
created a set which has the cardinality of the continuum, yet its length is zero. Since his set
theory creation, many strange geometric figures have appeared, including Sierpinski' s carpet,
which are difficult to label as a curve, surface, or solid (Vilenkin 80-90). Such oddities have
never before been encountered. It frightened modem classicalists. The analyst Charles Hermite
wrote to his friend, "I turn away in horror from this regrettable plague of continuous functions
that do not have a derivative at even one point" (Vilenkin 87). Like it or not, these functions
actually appear in real life. The French scientist J. Perrin studied the trajectories of particles
undergoing Brownian motion caused by collisions with molecules. The American
mathematician N. Wiener showed that if the particles in Brownian motion are small enough that
their inertia can be neglected, then they move along curves which have no tangent at any point
(Vilenkin 87).
For a while, set theory met many successes. ·Then in 1895 the first of several paradoxes
was discovered, which caused some upheaval in the mathematical realm. Engels related it this
way: "When variable magnitudes entered mathematics and when their variability was extended

to the infinitely small and infinitely large, then mathematics, usually so very moral, perpetrated
the Fall: it ate the apple of knowledge and this opened for it the road to gigantic

DFKLHYHPHQWV

but also to delusions. The virgin state of absolute meaningfulness, of irrefutable provability of
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all things mathematical. ..belonged to the past. An era of discord had arrived" (Vilenkin 134).
Basically, the disagreements on set theory caused dissension among mathematicians and gave
way to different mathematical building blocks. Some followed Brouwer and his intuitionism,
while others chose the set theory that they liked best. (Following from Cohen's proof mentioned
above, any set theory is consistent. Thus, mathematicians were free to apply disturbing axioms
such as the axiom of choice and the continuum hypothesis) (Vilenkin 129, 130). The American
mathematician Willard Quine summarizes the most recent views: "It is therefore clear that we
cannot regard set theory as the foundation of mathematics and hope that it will deliver us from
the fear of unsoundness of classical mathematics. In developing all possible systems we try to
fmd a scheme that would reproduce in the corresponding superstructure the accepted laws of
classical mathematics. At this stage we regard set theory as a convenient short dictionary of
mathematical terms used for the formulation of the common system of axioms of classical
mathematics" (Vilenkin 130).
After Cantor's death, David Hilbert and Bertrand Russell praised Cantor's work because
"simply by using Cantor's notions of set and equivalence we are able to compare and to
distinguish infinities that appeared to previous generations to be just one thing: inconceivably
large" (Guillen 48). Since Cantor assumed that infinity could rationally be treated as a complete
concept, we are now in a stage where we are not so afraid to imagine what infinity is all about.
As Guillen so rightly says, "we are beings at once fmite and infinite, in the sense that our
physical selves are prisoners of a finite realm, but not so our imaginative selves" (53). Davis and
Hersh note that "there is an overwhelming mathematical desire to bridge the gap between the
finite and the infinite. We want to complete the incomplete, to catch it, to cage it, to tame it"
(153).
Guillen gives evidence that infinity is both complete (actual) and incomplete (potential).
To defend its incompleteness, he states that ''the cosmos is evidence... that infinity is an unending
progression, the whole of which we are unable to imagine, much less observe scientifically"
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(Guillen 56). But then he cites scientific evidence which supports the claim that infinity exists
as a complete and definite concept. Electrons provide such evidence. The closer we move to an
electron, the stronger the electric force becomes. "If we are actually upon the electron itself, the
electric force is infinitely strong, the embodiment of a mathematical infinity. And because the
infinite is not infinitely expansive, but rather confined to a single point, the electron is indeed a
localized infinity-and a portable one at that, since electrons are free to move around" (56, 57).
Another example of a localized infmity in nature is the black hole, which is the burned out,
superdense remains of a once-active star. If the star is originally massive enough, then "the
dying star will collapse all the way down to a point--literally-when it dies. In such a case, the
resulting density is infinite, because all the mass is compressed into a volume that is really nil"
(57). "Localized infinities such as the electron and the black hole are what scientists call
singularities" (59). Singularities are points in space or time where a physical quantity is
infinitely large. Since they exist physically, one can "defend their existence conceptually
through mathematics." Thus we are "better able to justify imagining how such largeness can be
thought of as a whole entity with definite boundaries, rather than only as an ever-expanding
frontier without well-defined boundaries" (59).

Thus we see that infinity really does exist, both potentially and actually. It is the inherent
mysteriousness of infinity which causes us to always wonder more about its nature and strive to
conquer it, to understand it fully. Perhaps the task will never be accomplished until we defy
time and live forever, studying infinity in the meantime.
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